Abstract
Introduction
The choice of a proper fuzzy relation (operation or implication) in approximate reasoning seems to be critical in real-world applications. This is especially valid for engineering applications where the cause and effect relation between the propositions is usually assumed [7] . There are many papers describing different fuzzy operations and implications with their various properties [3, 4, 5, 61. However, a definitive answer to the question of which fuzzy relation should be chosen in solving a particular task, whether in engineering or any other domain, has not yet been given.
It has been reported several times that taking into account the causality constraint, the best inference results in engineering applications are delivered with the minimum and algebraic product operations. When used to represent implications, theses two operations are called engineering implications [7] . However it should be admitted that despite the fact that implications do not fulfil the causality condition, some of them may deliver Ryszard Kowalczyk* CSIRO Division of Information Technology 723 Swanston Street, Carlton 3053, Australia e-mail: ryszard.kowalczyk@mel.dit.csiro.au quite reasonable results in engineering and other areas also, e.g. in decision making.
In this paper we highlight some aspects which may be helpful in choosing proper fuzzy relations in engineering applications. A classification of various fuzzy relations (operations and implications) according to a distance measure on the [0,1] interval is presented in the next section. In Section 3 a qualitative validation of some representative relations with respect to the inference results obtained with the compositional rule of inference and aggregation rules is attempted. Section 4 contains concluding remarks.
Ordering two-argument relations
First we consider a number of two-argument relations to order them on the [0,1] interval. This includes such operations as triangular norms (t-noms) and conorms (tconorms) which satisfy the properties of monotonicity, commutativity, associativity and boundary conditions (existing 0 and 1); and average operations, some specialised products and implications which violate properties fulfilled by triangular norms and conorms. To order all these operations on the [0, 1] 
As an example let us place two products (the algebraic product x* y =x.y and the bold product 
ors tric
In an analogous way we can also order new families of operations which can be obtained with the use of the algebraic and bounded products (e.g. Yager operations, Schweizer and SMar operations, Frank operations, Hamacher operations and others). See [ 11 for details. Now a question arises: Why not also classify other operations (relations) on the [O,l] interval even though they do not fulfil some or all of the triangular norm properties ? Some such operations proposed in [6] to be used in approximate reasoning are listed in Table 1 together with the respective values of the calculated pseudometric distances. As can be seen, they can be classified as specialised product operations. 
It can be seen that all implications are placed in the upper half ([%,l]) of the [0,1] interval, Except for the standard sequence implication, all implications are placed closer to sums than to products. This placement is due to the nature of the definition of fuzzy implications. Fuzzy implications are defined in such a way that they always embrace the three top corners of a 3D unit cube, which corresponds to the truth table in propositional logic. An example of the definition of fuzzy relations represented by the standard sequence and Goedel implications is presented in figure 2 . 
Qualitative validation of inference results from an engineering point of view
The cause and effect relation is a cornerstone in engineering applications [7] . For example, its principle in process control can be stated as follows [7] : a system does not respond until an input is applied to it; a system's impulse response is zero for all t<O. In other words, the cause and effect principle is preserved when a condition and an action are directly related to each other.
Let us consider an If-Then statement R: "If x is A Then U is Cy where E X and U E U . In traditional propositional logic such a statement is represented by an implication which can generally combine unrelated propositions. In this logic it is not assumed that any cause and effect relation between the propositions exists.
In fuzzy logic the If-Then statement can be represented by a fuzzy relation AxC with the associated membership function A x C(n,u) E [O,l] .
The membership function represents the degree of truth of the relation between x and U. The cause and effect relation between the propositions in fuzzy logic can be expressed depending on the choice of the representation of the fuzzy relation.
The fuzzy relation AxC can be represented by many two-argument functions (e.g. products, averages and implications) as mentioned in the previous section. Considering a finite set of If-Then statements (rules) the fuzzy inference can be performed according to the compositional rule of inference (CRI) which may be written in the following form of generalized modus ponens (GMP):
where A' is an observation, C' is a conclusion (inference result) and R = Ud') with R k ) standing for the r-th rule and U denoting an aggregation operator (e.g.
maximum, minimum, sum).
The membership function C ( u ) can be obtained from the sup-* composition ( 0 ) according to the following form:
where maximum is taken for U .
The above expression represents the first aggregate the inference (FATI) rule. We can also consider an expression representing the first inference then aggregate (FITA) results. The quality of the inference results is usually reflected by how closely the results concur with our intuition and expectations. To test quality of the inference results by CRI with different fuzzy relations, we performed an experiment using the following two fuzzy rules:
where 'i and 5 are fuzzy numbers whose membership functions are of pseudotrapezoidal (triangular) form defined by quintuples as 1 2 (l,l,l,l,l) and 2 (22,1,1,1), respectively. As an observation we assumed a singleton fuzzifier in xo=1.2, i.e.
A'(x) = Sx,xo=1.2 .
Having this, we computed various membership functions for conclusion C' using all operators and implications considered in the previous section as fuzzy relations.
We tested several combinations of compositions and aggregations according to FATI and F'ITA rules. Only products and implications used to represent fuzzy relations provided meaningful inference results. For products, we used the same product operators both for the fuzzy relations and the max-product compositions. The maximum and sum operators were tested in aggregation (inference results and rules) in that product inference. In the case of fuzzy relations represented by implications we used specific compositions ( 0 = sup-* where * stands for a t-norm) and aggregation operators. Usually the minimum and fuzzy operators complementary to fuzzy implications [6] were used in our experiment (e.g. the bounded product for the Lukasiewicz implication). Examples of inference results obtained with the use of the algebraic product operation and the Goedel implication for Taking into account a distance measure on the [O,l] interval we have classified a number of two-argument relations such as products, averages, sums, specialised products and implications. It should be noted that tnorms (products) are located in [O,%] , averages in [%,XI, and t-norms (sums) in [x,l] . As expected, specialised product operators are placed together with other products. The implications are located in the upper half of the [0,1] interval, i.e. in [XJ] . This is mainly due to the embracing three top comers of a 3D unit cube defining fuzzy implications.
To test the suitability of these fuzzy relations for engineering applications, qualitative validation of some representative relations with respect to the inference results obtained with the compositional rule of inference and aggregation rules was made. Only products and implications gave meaningful and reasonable results when used as fuzzy relations. In general, the inference results for the fuzzy singleton obtained by FATI and F'ITA in our experiments were the same. It was also observed that to obtain reasonable results the aggregation operators (for rules or individual inference results) and implications (including engineering implications) should be selected from opposite sides of the [0,1] interval.
Although implications violate common engineering sense, they can deliver reasonable results in some applications. It can be observed that the fuzziness of the results of inference depends on the extend of the matching between the rule antecedent and an observation: the better the matching, the lower the fuzziness measure of the energy type (area under the membership function) of the inference result. When such interpretation is allowed, some fuzzy implications can deliver reasonable results in engineering, too. However, in cases of engineering implications which correspond to logical conjunctions, the interpretation of inference results is more intuitive in the engineering sense: a greater area under the membership function reflects better matching between the fuzzy rule and observation.
Some advantages of engineering implications with respect to technical applications are given in [7] . The conclusion drawn there states that using the minimum and algebraic product operators instead of fuzzy implications leads to inference results not violating common engineering sense. We extend that conclusion to other products as well. However, when using fuzzy product, it should be remembered that the product inferences violate some desired properties of inference listed in the previous sections. 
